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Abstract

The intention of the paper is to show the applicability of the gen-
eral categorical framework of open maps to the setting of two models —
higher dimensional automata (HDA) and timed higher dimensional au-
tomata (THDA) — in order to transfer general concepts of equivalences to
the models. First, we define categories of the models under consideration,
whose morphisms are to be thought of as simulations. Then, accom-
panying (sub)categories of observations are chosen relative to which the
corresponding notions of open maps are developed. Finally, we use the
open maps framework to obtain two abstract bisimulations which are es-
tablished to coincide with hereditary history preserving bisimulations on
HDA and THDA, respectively.

1 Introduction

Geometrical methods in concurrency theory have appeared recently for mod-
elling, analysis and verification of the behaviour of concurrent systems. The
most popular geometric model for concurrency is higher dimensional automata
(HDA) which have been proposed by V. Pratt [21]. Actually at about the
same time a bisimulation semantics has been given for HDA in [6]. Based on
the concepts of HDA, numerous papers have emerged in the literature. Basic
strands of research are concerned with giving true concurrent semantics to con-
current languages [11, 8, 2], with analyzing correctness of distributed databases
[3], with formalizing the fault-tolerant implementation of distributed programs
[12, 10, 13]. The relationships between higher dimensional automata and other
true concurrent models have been thoroughly studied in the paper [7]. Real-time
extensions of HDA (THDA) have been investigated by Goubault [9].

In an attempt to explain and unify apparent differences between the exten-
sive amount of research within the field of bisimulation equivalences, several
category theoretic approaches to the matter have appeared. One of them was
initiated by Joyal, Nielsen, and Winskel in [15] where they proposed an abstract
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way of capturing the notion of bisimulation through the so-called spans of open
maps: first, a category of models of computations is chosen, then a subcategory
of observation is chosen relative to which open maps are defined; two models are
bisimilar if there exists a span of open maps between the models. The abstract
definition of bisimilarity makes possible a uniform definition of bisimulation over
different models ranging from interleaving models like transition systems [18] to
true concurrency models like event structures [15], Petri nets [19], transition sys-
tems with independence [15], higher dimensional transition systems [23], higher
dimensional automata [4]. The papers [14], and [25] transfer the concepts of
abstract bisimularity to timed models — timed transition systems and timed
event structures, respectively.

The contribution of the paper is to show the applicability of the general
categorical framework of open maps to provide abstract characterizations of
hereditary history preserving bisimulations in the setting of two models — HDA
and THDA. In addition to the possibility of a uniform definition of bisimulation
over different models presented as categories, the open maps based bisimilar-
ity allows one to apply general results from the categorical setting (e.g. the
existence of canonical models and characteristic games and logics) to concrete
behavioural equivalences. In contrast to [4], we treat the notion of hereditary
history preserving bisimulation [1, 7] but not bisimulation [17].

The rest of the paper is organized as follows. The following two sections
concentrate on HDA and THDA, respectively. In particular, we, first, introduce
categories of the models and, then, relate them. Further, we provide subcate-
gories of observations of the categories to which the corresponding notions of
open maps are developed. After that, we give a behavioural characterizations
to the notion of open maps. Finally, the abstract equivalences based on spans of
the open maps are shown to coincide with hereditary history preserving bisimu-
lations on HDA and on THDA, respectively. Section 4 contains conclusion and
some remarks on future work. This paper is a full version of [20].

2 (Untimed) HDA
2.1 The category HDA

In this section, we present the model of higher dimensional automata (HDA) —
a geometric model for true concurrency based on the ideas of the works by V.
Pratt [21] and R. van Glabbeek [6]. HDA are generalizations of the usual models
of automata, also known as process graphs, state transition diagrams or labelled
transition systems. The basic idea of HDA is to use the higher dimensions to
represent the concurrent execution of processes. In contrast to interleaving mod-
els, HDA are built as sets of 0-cubes (points) and 1-cubes (edges) but also as sets
of 2-cubes (squares), 3-cubes (cubes) and more generally n-cubes (hypercubes).
In this way, an n-cube represents concurrent executions of n actions, whereas
the edges of this cube depict the mutually exclusive execution of these n actions.
For example, for two actions a and b, we model their concurrent execution by



the square z labelled by {a,b} and delineated by the 1-cubes 1, y; and xa, Y2
(in some sense, x5 and yo are copies of x1 and yp, respectively), as shown on
the right side of Figure 1. On the other hand, a mutually exclusive execution
of a and b is modelled by the HDA generated by the 1-cubes x1, y1 and z2, y2
as shown on the left side of Figure 1. Thus, in HDA non-determinism arises as
holes but concurrency is modelled by hypercubes with the interior filled. It is
natural to graphically represent n-cubes as n-dimensional objects whose bound-
aries are the (n — 1)-cubes from which the n-cubes can start and to which they
end up. The 2-cube x shown on the right side of Figure 1 can start from x; or
y1. Similarly,  ends up to z9 and ys. Thus, the boundary of the square can
be divided into two source boundary functions d} with df(x) = z1 and d with
d3(z) = y1, and two target boundary functions d} with di(z) = x5 and d} with
d}(x) = y2. In addition, we fix a distinguished basepoint called the initial point
and denoted as 7.

Figure 1: An example of concurrent and mutually exclusive executions of actions
a and b in an HDA.

The following is the (well known but presented in a slightly different manner)
definition of HDA from [7].

Definition 1. A precubical set M is a collection of pairwise disjoint sets (M, )nen
d?
together with boundary mappings M, +1=M, (i,7 = 1...(n+1)) satisfying the
d}
J
commutativity of diagrams

dm
Myyp ——— Myiy
dr dr
Mn—i—l - Mn
dr

forall i < j and k,m =0, 1.

Definition 2. A (labelled non-degenerate) HDA is a triple M = (M, M),
where
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Figure 2: An example of an HDA M.

e M is a precubical set possessing the non-degeneracy property: for all
x € Myy1 and m = 0,1 it holds |[{d"(z) | i=1...n}|=n,

e i)l € My is a distinguished basepoint of M, called the initial point,

o M My — L is a labelling function from the 1-cubes of M to a set L of
actions such that [} (d?(x)) = 1}(d}(x)) for all i = 1,2 and = € Mo.

Whenever no confusion is possible we drop subscripts and superscripts on
M = (M, i}t M) and write M = (M, i, ) instead, to denote an HDA M over a
set L of actions.

Remark 1. Assume M = (M, ig,l) to be an HDA over a set L of actions. For

an n-cube z with n > 1, the l1-cubes d;' o...od;'3' o d;fll o...ody" (), with

E;‘-}: 0,1, ‘1 < j <nand j # i, represent the same action /;(z) = l(al‘ii 0...0

di’f o df_ff o...ody (7)), since IM(d2(y)) = IM(dL(y)) for all r = 1,2 and
y € Ms. So, we can extend the labelling function to all cubes in M by taking
for x € M,, an action I(z) = (I1(z),...,l.(2)), if n > 1, and I(z) = 0, if n = 0.

Example 1. To illustrate the concept specified in Definition 2, consider the
HDA M = (M, ig,1) over L = {a,b,c,d}, depicted in Figure 2. M contains the
3-cube z and the 2-cube y convoluted to the cylinder. To define the boundaries
of x and y we put ¥1 = di(x), z2 = d3(z), z3 = di(z), y1 = di(y) and
yo = dy(y). Clearly, M possesses the non-degeneracy property. The initial point
is i9 € My. The actions of the edges of x and y are given by [(d3(d3(z))) = a,
1(d9(d5(x))) = b, I(d}(d3())) = c and I(d}(y)) = d.

Define a morphism between two HDA mapping cubes and actions of the
simulated system to simulating cubes and actions of the other and satisfying
some requirements.

Definition 3. Let M = (M, !, 124;) and N = (N, ), {}x) be HDA. A mapping
f= <f,Oé> (Where f=Ufn, fn: My — Ny and « : M — LN) is called a
morphism from M to N iff it holds:

1. fo(idh) =4f,



2. lgNonOéOllz/IM,
3. fnod =di" o fryr.

The first condition guarantees that morphisms preserve initial points; the
second and third conditions ensure the consistency of actions and boundaries of
cubes, respectively.

HDA with morphisms between them form a category HDA in which the
composition of two morphisms f = (f,a) : M — M and g = (¢9,6) : M’ — M"
isgof=(gof, foa): M — M’ and the identity morphism is a pair of the
identity mappings.

2.2 Hereditary history preserving bisimulation

In order to reason about the behaviour of HDA, we introduce the following no-
tions and notations. A cubical path in an HDA M is a sequence P = pop; . . . pp!
of cubes such that ps_; = d?(ps) or ps = d}(ps_l) for all p, € M, s=1...k,
and, moreover, pg = i}l. A cubical path P = pop;...px is acyclic if there
are no other relations between the p, and p (0 < r < v/ < k) than the re-
lations above. For cubical paths P = pg...pr and Q = qq - .. gn, we say that

Q@ is an extension of P (denote P — Q) if n > k and po...px = qo--- Gk-

In particular, we write P &, Q if n = k+ 1 and either g = d?(gr+1) for
m = 0 or gx+1 = di(qx) for m = 1. Further, CP(M) (CP,(M)) is the set of
all cubical paths (ending with a cube w) in M. An n-cube z in M is called
reachable if there exists some P € CP,(M). For a cubical path P = pg...px
in an HDA M = (M, g,z ), define the structure M' = (M’,iq,lL|(ar),) with
(M"), = {d 0 0d(pi) | aj =0,1,1 < j < 1,1 <iy << iy < dimp;,1 <
I <dimp;,1 <i<k}U{p; |0<i<k} CM,. Itiseasy to verify that M’ is
an HDA, and, moreover, a sub-HDA of M. In this case, M’ is said to have the
form of the cubical path P in the HDA M.

We proceed with some kind of equivalence on cubical paths [7]. A homotopy
(denote ~) is the least equivalence on cubical paths in M such that if P and P’
are s-adjacent (denote P < P'), i.e. P’ can be obtained from P by replacing
(for i < j and m =0,1)

: d? d;n d;.’ll / d? .

either a segment — p; — by a segment — p, —— , or vice versa;

am 1 1 ity
or a segment —— p, — by a segment —> p’, —— | or vice versa,

then P and P’ are equivalent. Moreover, P and P’ are (s, u, v)-adjacent (denote

p ey P’), if P’ can be obtained from P = py ... ps ... pr by an s-adjacency

n 1

d d
replacement of the segment — p; —>. For every P € CP(M) we write [P] to
denote its homotopy class.

dmt d"k
n case we need a detailed presentation of P we shall write P = po L LN Pk, where

d;:” (pi) = pi—1 if m; =0 and d;:” (pi—1) =piifm;=1,forall 1 <i<k.



Figure 3: Cubical paths in the HDA M.

Ezxample 2. Recall the HDA M from Example 1. The sequences P = igp1pap3r1
yoyp7rpspr and Q = igp1P2q1g2Y2yP7PsP7, shown in Figure 3, are cubical paths in
M. P and @ are homotopic cubical paths since P & (top1P2q1T1Y2YP7DSP7T) &,
Q. An example of an acyclic cubical path is the sequence igp1papsT1yo.

We proceed by considering the following fact which is a slight modification
of Proposition 2 from [7].
d® d} d® d?,
Lemma 1. Given a segment —> ps — with u # v, or a segment —= py —>
in a cubical path P = pg...py in an HDA M, there is a unique path P’ in M
such that P <= P'.
d)x
Remark 2. Intuitively, in P = pg...px € CP(M) every segment ps_1 —> ps
represents either the start of the action l,(ps), if A = 0, or the termination
of the action l,(ps—1), if A = 1. Having the start of the action a in P, i.e.

0
Pr_1 — pp with l,, (p,) = a, we are going to find the termination of the action
1 0 "
in P,ie pi_1 —% p; with l,,(pi—1) = a, if any. Suppose L, qs %, in an
arbitrary cubical path @ in M. Two cases are admissible. First, let © = 0.
Then, there exists a unique cubical path @’ in M such that Q < Q’, due
to Lemma 1. Next, let © = 1. If u # v, the case is similar to that when
uw = 0. If u= v, the action I, (gs) starts, and then, the same occurrence of
lu(gs) terminates. This means that for all cubical path @’ in M it holds that

Q </~ Q'. By the repeated applications of the above facts, we can construct

a unique adjacency-chain of the form: either P «— P,y <T—+1> cen e P4

dy, _
<7L> Pf, 1f the termination p;_1 —> p; of @ is in P, or P PELIEN Pri o 2
Pr_4 it Py, if there is no termination of a in P.

Now, we need to introduce some auxiliary notions and notations. For a
cubical path P € CP,, (M) with dimpy, > 0, define its i-beginning d?(P) to be
a cubical path from CPgo(,, (M) such that either (i) P = d?(P)py or (ii) P oty
P = o S Pi_o & d?(P)py, for some 0 < m < k — 2. Also, define
the i-ending dll( ) of P to be a cubical path d}(P) € CP a1 (p,)(M) such that

d\(P) = Pd (py).



Lemma 2. Given an HDA M and a cubical path P € CPy, (M) with dim py, > 0,

there exists a unique cubical path d.(P) € CPa(p) (M) (1=0,1).

Proof. W.lo.g. assume [ = 0. Clearly, cases (i) and (ii) of the definition of
i-beginning can not be fulfilled simultaneously. Consider the proof when case
(ii) holds (the proof when case (i) holds is obvious). Contemplate P = py ...
pr € CPp, (M) with dimpy, = n > 0. It may happen that different occurrences
of an action can appear in P (for example, an auto-concurrent action). We
distinguish the different occurrences by indexing them. Hence, we can assume
that there is at most one occurrence of an action in P.

Consider the cube pg. It represents a simultaneous execution of n actions
l1(pk), -+, n(pk). Then, due to the definition of a cubical path, there exists

0
a unique number m = m(P,i) such that the segment p,, It Pm+1 in P
represents the start of the action I, ., (Pm+1) = li(pr). Since P ends with

Pk, there is no termination of the action /;(py) in P. By Remark 2, we can

construct a unique adjacency-chain (P = P, 41) ol Py, in M. Clearly,

0 € € 0
. t . s, . do d,,
if Q «—— @', i.e. a segment —> ¢ — is replaced by a segment —> ¢q; —>,

then 1,(q;) = ly(q+1) in M. Using this fact for every P, «>— P,y with
(m+1) <s < (k—1), we get that [, (Pmy1) = lf’;f-" (pk), where the cubical
d°,
path Py ends with p},_, — pi. Having the coincidence of the actions I;(py),
lrpsy (Pmy1) and l,r,lz (pr), we conclude that i = r’,j, due to M possessing the
non-degeneracy property. Hence, d)(P) defined by P, = df(P)py, is a cubical
path in M satisfying the considered condition of the definition of i-beginning
and, moreover, d?(P) is unique. O

Ezample 3. To illustrate the concepts of i-beginning and i-ending of a cubical

dO

path P, consider the HDA M from the Example 1. Contemplate P = iy —
dy d? d? dy d3

pL —= P2 — p3 — ] — Y2 — y € CP(M) shown in Figure 3. Since

dimy = 2 > 0, we can find i-beginning of P for any 1 < i < dimy = 2.
According to the definition of i-beginning, it is required to be from C’Pdg(y) (M).
We start with i = 1. One can see that the cube d{(y) = y1 doesn’t belong to
P and, hence, case (ii) holds in the definition of i-beginning. Find the number
m = m(P, 1) using the reasonings in the proof of Lemma 2. Consider the action

l1(y) = c¢. There exists a unique segment py d—[l)> ps in P such that it represents
the start of the action I(ps) = ¢ = l;(y) in P. Hence, m = 2. Then, we have
the adjacency-chain P Sp s py S d)(P)y in M. It is easy to see that
Py = igpipaqiz1yey and Py = iop1paqiqay2y. So, dY(P) = iop1paqigayr. We
proceed with i = 2. Obviously, the cube d3(y) = y» belongs to P. Hence, to
define its 2-beginning we have to use case (i) in the definition of i-beginning.
Then, d(P) = iopipapsz1y2. Clearly, the l-ending and 2-ending of P are
dY(P) = iop1p2psT1y2ypr and df(P) = iop1paps1y2yya, respectively.

The following fact clarifies why the morphisms between HDA are simulations.



€1
Lemma 3. Given a morphism f = (f a) : M — N in HDA, for all P = py —
dgF
. — pr € CP(M) it holds:
dst dsk

1. there exists a unique f(P) = f(po) —> ... —% f(px) € CP(N);

1 1
2. whenever P 25 P/ in M, then f(P) &, f(P") in N;

(s,u,v) (s,u,v)

3. whenever P <" P’ in M, then f(P) <= f(P') in N.
Proof. Obvious. O

Further, we define a behavioural equivalence on HDA, called hereditary his-
tory preserving bisimulation (hhp-bisimulation), which is in close similarity with
the corresponding definition from [7].

Definition 4. Let M and N be HDA.

Cubical paths P = pg...pr in M and Q = qo...qr in N are called [-related
iff M(pj) =1N(q;) forall j =0...k.

A binary relation R on cubical paths in M and N is called a hereditary
history preserving bisimulation (hhp-bisimulation) between M and N if for any
(P,Q) € R, P and Q are [-related and the following conditions are satisfied:

1ifp 2 pr then @ ﬂQ’ and (P, Q') € R for some @’ in N,

2. if Q &, Q' then P 2, P’ and (P',Q") € R for some P’ in M,

3. if P — P then Q' — @ and (P’,Q’) € R for some Q' in N,
4. if Q@ — @ then P — P and (P',Q’) € R for some P’ in M,

(s,u,v) (s,uv

5. if P <" P’ then Q o) Q' and (P, Q') € R for some @’ in N,

6. if @ () Q' then P @2 prand (P',Q") € R for some P’ in M.
HDA M and N are hhp-bisimilar if there exists an hhp-bisimulation between
them which relates their initial points (regarded as cubical paths).

Note, hhp-bisimulation is indeed an equivalence relation.

Ezxample 4. To get more intuition about the above concept, we consider exam-
ples of hhp-bisimular and non-hhp-bisimular HDA. First, contemplate the HDA
shown in Figure 4. The boundary functions are given as follows: df(x1) = p1,
di(z1) = p3, df(x3) = pa, di(x2) = ps in the left-hand HDA, and d{(y) = q1,
d3(y) = g2 in the right-hand HDA. Take cubical paths P = sp151p383p585p787
and P, = sp2SopssapesepssSs in the left-hand HDA and cubical paths Q1 =
rq17T1G272q373q474 and Qo = rq171q2T2q575q6T4 in the right-hand HDA. Tt is easy
to see that these HDA are hhp-bisimilar because a required hhp-bisimulation R
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Figure 4: An example of hhp-bisimular HDA.
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Figure 5: An example of non-hhp-bisimular HDA.

can be constructed from the set {(Pr, @1), (P2, Q2), (P1,Q2), (P2,Q1)} using
conditions 1-6 of Definition 4. Next, consider the HDA shown in Figure 5. The
boundary functions are given as follows: d{(z1) = p1, di(z1) = ps, df(x2) = p1,
di(z2) = pa, dY(x3) = pa, di(x3) = p3, df(x4) = ps, d3(x4) = pe in the left-hand
HDA, and df(y1) = g1, d3(y1) = g6, d1(y2) = q1, db(y2) = a2, d3(y3) = au,
di(ys) = a5, dY(ya) = g6, d3(ya) = q7, d3(ys) = g2, di(ys) = g3 in the right-
hand HDA. We then have that the cubical path (sp1s1p2sapsss) in the left-hand
HDA could be related only to the cubical path (rq171¢gar2¢373) in the right-hand

HDA. Moreover, we can see that (rq171g2r2qsrs) (&) (rq1r1q2ysqsrs) in the
right-hand HDA. Then, there should exist a cubical path P in the left-hand

HDA such that (sp1s1p2sap3ss) GLY P but it is not the case.

2.3 Open Maps Characterization

In this subsection, we develop a notion of open morphism in the category HDA,
give an alternative characterization of openness and establish the coincidence
between abstract bisimulation (based on open morphisms) and hhp-bisimulation
on HDA.

Consider the notion of open maps from [15]. Let M be a category of models
and P be a subcategory of observation.

Definition 5. A morphism f: M — N in M is called P-open, if for any mor-
phism m : P — Q in P and any commutative square in M depicted below



there exists a morphism r: Q — M splitting the diagram on the two commuta-
tive triangles.

It is easy to verify that the identity morphism and the composition of P-
open morphisms in M are P-open morphisms in M. So, objects in the category
M and P-open morphisms can form a subcategory of the category M.

As reported in [15], the open map approach provides general concepts of
bisimilarity for any categorical model of computation. The definition is given
in terms of a spans of open maps. Two models M’ and M” in M are said to be

P-bisimilar if there exists a span M’ &M 2L M7 with vertex M and P-open
morphisms {/, .

We consider HDA as a category of models. Relying on the standards of
HDA, we choose an observation of an HDA M to be an HDA Mp having the
form of an acyclic cubical path P in the HDA M. We use cP to denote the full
subcategory of observations of the category HDA..

For our purposes we need to endow HDA with a fibred structure. Denote
HDA ; the subcategory of HDA whose objects are HDA labelled over L and
morphisms have the identity action component. We shall follow similar conven-
tions for the other categories defined in the paper.

We next associate every cubical path in an HDA with a morphism whose
domain is an observation and codomain is the HDA.

Lemma 4. Let M be an object in HDA, P be a cubical path in M and Mp
be a sub-HDA of M having the form of P. Then, there exists a morphism
p=(p,1r) : Mg — Mp — M in HDA[, where Mg is an observation.

Proof. W.lo.g. assume that P = py...pr and Mp = (Mp,io,l1). Set A =
{0 € CP(Mp) | 30 € CP(Mp) 5. t. O — O and [Olu, = [PdYy, ,, (pr) ... d} o
-+ 0 dinp, (D) - Here, for a cubical path O’ € CP(Mp), [0y, denotes
its homotopic class containing cubical paths from CP(Mp). Define a structure
Mﬁ = {Mﬁ, 10, } with

o (Mz), ={[0=00...01mp | O € Aand o, € (Mp),} with d'([O]uy) =
[d}(O)]mp for [Olmy € (M5), and n > 0,

* io = [io]Mp,

e Ir([oo...0r]mp) = IL(o0r) for all [og . ..0 |\ € (M5p):1.
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We shall prove that Mg is indeed an HDA. First, consider an arbitrary [O =
00 -..0:Mp € (Mgp)n (n > 0) and show that CE([O]MP) € (Mp)n—1. According
to the definition of Mz, O € A, i.e. O € CP(Mp) and there exists O such that
O — O and [O]y, = [Pdim py (Pk) - - - di 0 -+ 0 dly . ()M, and, moreover,
€ (Mp),. W.lo.g. assume [ = 0. Since Mp is an HDA, O € CP(Mp) implies
d)(0) € CP(Mp) due to Lemma 2. Let d(O) = 0. ..0m00 1 .. 0._yd}(0r).
Also, let 0= 00...0p0p41 ... Of+dimp,- Lhen, there exists O=o... 0m04n+1
e 00 _5d%(0,)0,0p41 - . . Optdim p, € CP(Mp) such that d?(0) — O and [O]MP =
[5]MP = [Pd i p, (Pk) - - -dio---0dgy, . (Pr)]M, . Obviously, d%(o,;) € (Mp)p_1.
Thus, CE([O]MP) € (Mp)n—1. We proceed with showing that the diagrams in
Definition 1 commute, i.e. d¥(d;([0])) = d;_,(d2([0))), if 1 <i < j < n, for
all [O] € (Mp), with n > 2. Check the case a = 0 and 3 = 1 (checking of the
remaining cases is similar). Take an arbitrary [O] € (M3), with n > 2. Let
O € CP,,.(Mp). W.lo.g. assume that df(O) is obtained due to the fulfillment
of case (ii) in the definition of i-beginning. Then, there exists the corresponding

adjacency-chain O Hia s d9(O)o,. We can extend every cubical path
of the adjacency-chain with d}(oT). This implies that we get a new adjacency-

chain. Prolong it with r-adjacency to obtain the adjacency-chain Odjl (o) Hlas

- £ dY(O)ord](or) " d(0)d} (&0 (op)d} (or) = d}_(d2(0))d] (0r). On
the other hand, we have Odj(o0,) = dj(O). We know that i-beginning of d}(O)
is required to be in CPd?(d}(or))(Mp). Since the cube d?(d} (0r)) doesn’t belong
to d}(0), for its i-beginning case (ii) holds. As d}(O) is an extension of O,
the adjacency-chain, corresponding to df(d}(0)), looks as d}(O) ian YN
d?(d} (0))d; (o). Tt coincides with the previous adjacency-chain, due to Lemma
1. Hence, d%(d}(0)) = di_,(d%(0)). Thus, ®(@([0]) = d_,(@([0]). The
non-degeneracy property of My immediately follows from the non-degeneracy
property of M. _

It is routine to show that Mg has the form of the cubical path P = [po][pop1]

... [pop1 ...px]. Clearly, P is an acyclic cubical path. Hence, Mg is an ob-

servation. It remains to define a mapping p = (p,1z) : My — M. Put
p([og ...0]) = o forall [og...0.] € (Mp)n (n > 0). Obviously, p is a morphism
in HDA . O

Our next aim is to characterize cPr-open morphisms in HDA ;, relative to
the subcategory cPy defined prior to that. In the below characterization, the
first condition is usually referred to as the ”higher-dimensional” zig-zag property
and the second one ensures that cPr-open morphisms reflect concurrency.

Theorem 1. Given objects M and M’ in HDA L, a morphism f = (f,11) :
M — M’ is cPp-open iff for all P € CP(M) the following holds:

l 1
1. if f(P) &, Q' in M, then P L P and f(PY=Q for some P' € CP(M),

11



(s,u,v) (s,u,v)

2. if f(P) <5 Q in M, then P <" P’ and f(P') = Q' for some P’ €
CP(M).

Proof. (=) Assumef= (f,11) : M — M’ to be a cP-open morphism. Consider
the proof of item 1 (the proof of item 2 is similar). W.l.o.g. suppose that P €

l
CP(M) and f(P) 25 @ in M'. Let Mp (M) be a sub-HDA of M (M’) having
the form of P (Q'). By Lemma 4, there exists a morphism p = (p, 1) : Mg — M
(@ = (g, 1) : Mg, — M’) in HDA with an observation Mg (Mg,), specified

in the Lemma. Notice, p(P) = P (q(@') =Q").

W.lo.g. assume that P = py...pr and Q' = Go . . . GeGrs1. Set m(p;) = §G;
and m(djlo -+ odj*(p;)) = dj'o -+ odj*(g;), for all ap = 0,1, 1 < 7 < s,
1< <...<js <dimp;, 1 <s < dimp; and 0 < j < k. It is easy to see that
m= (m,1z): Mg — Mg, is a morphism in cPp. By the definition of m, we get
fop=qom.

Due to f being a cPr-open morphism, there exists a morphism r : MQ, —M

such that p =rom and q = f or. Therefore, we can find a cubical path r(Q")
- ~ ! ~ ~ 4~
in M. Since g(m(P)) = f(p(P)) = f(P) ™ @ = (@), then m(P) ™ @,
~ g ~
in virtue of item 1 of Lemma 3 for q. Consequently, r(m(P)) &, r(Q"), due
to item 2 of the same Lemma for r. As p =rom and q = for, we have

. ]
p(P) = P 1(@) and f(r(Q)) = a(Q@) = Q"

(<) Let f = {(f,11) : M — M’ be a morphism in HDA}, and the theorem
conditions hold. We shall prove that f is cPp-open.

Given observations Mo, and Mo,, a morphism t;w) = (¢i(w), 1) : Mo, —
Mo, is an [-step (w-step), if there exist maximal? cubical paths O; and Oz in

Mo, and Mo,, respectively, such that ¢;(O1) L Oz (tw(O1) (@) 07). Tt is
easy to see that any morphism in cPy, is a finite composition of isomorphism,
[-steps and w-steps.

Suppose a commuting diagram, i.e. there are morphisms p : Mp — M and
q: Mg — M in HDA; and a morphism m : Mp — Mq in cPy such that
fop = qom. We have to show that there is a morphism (r,17) : Mg — M in
HDA }, such that p =rom and q = f or. Consider the proof of the case, when
m is a w-step (the proofs of the cases, when m is an [-step or isomorphism, are
similar). The general case follows from repeated applications of the arguments
in the proofs of the above cases.

As m = 1y, is a w-step, there exist maximal cubical paths P and @ in the
(s,u,v)
—

observations Mp and Mgq, respectively, such that ¢, (P) Q). Moreover,

we have q(ty (P)) q(Q) in M’, by Lemma 3. Since f(p(P)) = q(tw(P)),

there exists P’ € CP(M) such that p(P) @) pr and f(P) = q(Q), due to
the theorem conditions. Assuming P’ = pg...pyr and Q = qo...q, we put
r(gj) = p; and r(d?llo Odi"‘(qj)) = d;?‘llo Od;‘j(pj) for all o, = 0,1,

(s,u,v)
>

2A cubical path in an observation is called mazimal if the observation has the form of the
cubical path.

12



r=1...5,1<ji <...<js <dimgj, 1 <s <dimg; and 0 < j < n. It is
easy to see that r = (r,11) : Mg — M is a morphism in HDA [ and satisfies
p=rot, and q =for. Hence, f is a cP-open morphism. O

At last, the coincidence of cPp-bisimulation and hhp-bisimulation is estab-
lished.

Theorem 2. Two HDA (with the same set L of actions) are cPr,-bisimular iff
they are hhp-bisimular.

Proof. (=) Suppose a span M’ Som D W of cP-open morphisms ' =
(f',1p) and £ = (f”,11). Then, it is easy to show that a relation R = {(f'(P),
f"(P)) | P € CP(M)} is an hhp-bisimulation between M’ and M", using Defi-
nition 3, Lemma 3 and Theorem 1.

(<) Assume R to be an hhp-bisimulation between M’ and M”. We have to
construct a span M’ oM M of cP-open morphisms ' = (f’, 1) and
P (1),

For (P,Q) € R, define (P.Q) = {(P,Q) | P ") . ) pr
Q (ogagn)  (ouen) Q’, for some Sy, U, Um, 1 <m <1, 1 >1}U{(P,Q)}.

Construct a triple (M, iy!, 13) (denoted (M’, M")) as follows:

e M, = {(P,Q) | P € CPy,(M),Q € CP, (M") and py, € M/,,q. € M/}
with d7*((P, Q)) = (d["(P),d(Q)) for all (P,Q) € M,, and n > 0,

i Zl(}/l = <7%/[,7i1(§4”>7

o B'((P.Q) =11 (pr) =1} (gn), for all (P,Q) € M,

We shall show that (M’',M") is an HDA.

Assume (P, Q) € M, with n > 0. We shall show that &?((P, Q) € My_4.
W.lo.g. suppose P = pg...pxr and Q@ = qo...qr. First, we shall prove that
(P,Q) € R implies (d(P)pg,d?(Q)qx) € R. W.lo.g. let d?(P) be obtained
due to the fulfillment of case (ii) in the definition of i-beginning. The corre-

sponding adjacency-chain is (P = Pp41) HAR SN (P, = dY(P)py), or,
17 m yYm 27 m »Ym k72: -2, -
in detail, (P = Pyyq) 0 ome) p Bz ona) (R o)

P (rdtghmtyon—) (Py = dY(P)py). By item 5 of Definition 4, there exist
Quia Q€ CP(M") such that (Q = Quyr) ") g,

(Mm~+2,um+42,9m+2) (k—2,up 2,0 —2) (k—T,up—1,0%-1)

.. k—1 — Qk and (PS,QS) eER
for all (m+2) < s < k. Wlo.g. assume P, = pj...p; and Qs = ¢ ...q},
for all (m 4+ 2) < s < k. Consider an arbitrary (Ps,Qs) € R with (m +

(8,us,0s)

1) < s < (k—1). Since (s,us,vs)-adjacency Ps =+ Psi1 belongs to the
adjacency-chain corresponding to i-beginning of P, P, contains the segment
0 s

—% p$ —5 and, moreover, us # vs if \s = 1 (due to Remark 2). By Def-
inition 4, Ps and Q) are [-related. So, dimp] = dimg; for all 0 < r < k.

13
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Hence, @, contains the segment —= ¢ —=. Due to Lemma 1 applied to
Qs (m+1) <s < (k—1)), Qmya,-..,Qk are unique cubical paths in M”|
and, moreover, Q) = q(lf .. .d?(q,’j)q’g. This means that the unique number
m(Q,i) from the proof of Lemma 2, coincides with m, and Q. = d%(Q)qx.
Thus, (d9(P)pk, d?(Q)qx) = (Pr, Qr) € R. Using item 3 of Definition 4, we get
(d2(P), d2(Q)) € R, i.e. gl?((P, Q)) € My,_1. Applying item 1 of Definition 4 to
(P,Q) € R, we obtain d!((P,Q)) € M,_1.

Following the reasoning of the proof of Lemma 4, the commutativity of the
diagrams in Definition 1 is clear. The non-degeneracy property of (M’ M")
follows from the non-degeneracy properties of M’ and M”. Thus, (M’, M”) is an
HDA.

Define mappings (pri,1p) : (M, M") — M’ and (pro,11) : (M/,M") — M”
as follows: pri((P,Q)) = p and pra((P,Q)) = ¢ for all (P,Q) € M with P €
CP,(M') and Q € CP,(M"). It is routine to show that (pri,1r) and (pre, 1)
are morphisms in HDA ;. Consider the proof of cPj-openness of (pri, 1) (the
proof of cP r-openness of (pra, 1) is similar). Take an arbitrary O = o0g ... 0k €
CP((M',M"}). Then, pri(0) € CP(M') and pra(0) € CP(M”) by Lemma 3.
W.l.o.g. assume pri(O) = pg . ..pr and pra(O) = qo - . . & By induction on the
number of the cubes in the cubical path O, it is easy to show that o; = (po ... pi,
qo - --qi), for all 0 < ¢ < k. Hence, we have that (pri(O),pr2(0)) € R, due to
the construction of (M’,M"”). We only prove that condition 1 of Theorem 1 is
true for a morphism (prq,11) (the proof of fulfillment of condition 2 of the same
theorem is similar).

Suppose pr1(0O) &, P’ for some P’ € CP(M’). By item 1 of Definition 4,
there exists Q' € CP(M") such that prq(O) &, Q' and (P, Q') € R. Let 041 =
(P’,Q"). Due to the construction of (M’',M"), we have O’ = o¢...0k0k+1 €

CP((M',M"}) and O LN Obviously, pri1(0’) = P’. Hence, (pr1,1z) is a
cP-open morphism, by Theorem 1. O

3 Timed HDA

3.1 The category THDA

We begin with presenting the concept of a timed HDA (THDA) [9] — a timed
extension of HDA. THDA are defined as a geometric shape together with a
structure given by cubes realized on this shape, and a family of norms defining
the infinitesimal duration of a computation in all directions.

Introduce some auxiliary notions and notations. Consider a unit cube of
dimension n in R™: O, := {(t1,...,t,) e R* |0 < ¢t < 1,4=1,...,n} for
n > 0, and Op := {0} for n = 0. Let 0, denote the topological interior of O,,,
fe. O,:= {(t1, ..y tn) ER™"|0<t; <1,i=1,...,n} for n >0, and Blo:= {0}
for n = 0.

14



In order to define a THDA we first need a geometric shape (topological space)
X. We are especially interested in compactly generated Hausdorff topological
spaces? [16]. Then we should give a differential structure on X to be able to
measure time. In our case the differential structure on X is given by cubes.
Intuitively, cubes should be a sort of deformed cubes, so we define them as
continuous mappings x : 0, — X which induce homeomorphisms from 2, to
their images. Thus, z : O, — X gives the trivial structure of manifold* to
2(8,). For a cube z(8,) (n > 0), we can define its coordinates as follows:
(x(t1,...,tn))i = t; (i = 1,...,n). We consider mappings z : 0, — X to
be continuously deformed cubes only in their interior since we may want to
identify some of their boundaries to get cyclic shapes. To do this we need
functions characterizing the boundaries of cubes. Assume 6]* : O, — O,41
(i €{l,...,n+1}, m € {0,1}) to be continuous functions defined as follows:
O (t1,...,tn) = (t1,...,tic1,m,t;, ..., ty,) for n > 0, and 67*(0) = (m) for
n = 0. We then have 5{“5}” = 5ﬁ15f for ¢ < j. To be able to take boundaries we
should require the collection of cubes to be stable by composition with boundary
functions. To illustrate the concepts, consider Figure 6. We have the square O,
the edge O; and the torus T'. Moreover, s continuously maps the square Oy
into 7" so that xg(ﬁg) is a torus without the small circle z5(¢,0) (0 <t < 1) and
the big circle z2(0,t) (0 <t < 1), and x; continuously maps the edge 0y into
the small circle of 1" so that xl(ﬁl) is the small circle without the intersection
of the circles. Then, we get 21 = 29 0 8.

(0,1) (1,1)

(0,0) (1,0)

0o—-r1 x1(01)

Figure 6: Taking a boundary.

We can now split our cubes into sets X, containing only cubes with the
domain O,. Also, we require X to be covered by all its cubes, i.e. X is the
disjoint union L] (z(3,)).

z€Xn, nEN

Finally, to measure the time of cubes from X, we are to have a norm ||-||,, on

the tangent space Ty X =gey T,x(8,) (u e 2(0,)) at every u € X (for further

details see [24]). A tangent space Tux(ﬁn) is an n-dimensional space consisting
of the tangent vectors % of the curves through a point w, which can be measured

3In topology, a compactly generated space is a topological space X satisfying the following
condition: each subspace U C X which intersects every compact subset K of X in a closed
set is itself closed.

4The definition of the notion of manifold can be found in [24].
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by the norm. Intuitively, a tangent space contains the possible ”directions” in
which one can pass through u and the norm can be seen as an infinitesimal
duration of the computation at u. In order to be consistent with the space, the
norm F'(u,u) = || u ||, should be a continuous mapping for all u € X, 4 € T, X.

We are now ready to define (labelled) THDA. For full details and explana-
tions on the definitions related to THDA, we refer the reader to [9], where the
concept has been first introduced.

Definition 6. A (labelled non-degenerate) THDA is a tuple X = (X, i, ¥,
Il - | x), where

e X is a compactly generated Hausdorff topological space together with
a presentation of X by singular cubes, i.e. X is the disjoint union
L] x(lﬂn), where X, consists of continuous mappings z" : 0,, — X
r€Xp, nEN
which induce homeomorphisms from ﬁn to its image and are such that
2" o € Xp—y foralli =1,...,n and m = 0,1. Moreover, for all
z € X, and m = 0,1 we assume that the non-degeneracy property holds:
Hzod™|i=1...n} =n,

e i is a distinguished basepoint of X called the initial point and represented

in the form of i = z(0)° for some mapping = € Xo,

e [X: Xy — L is a labelling function from the 1-cubes of X to a set L of
actions such that I¥(z 0 6Y) = IX(z06}) for all i = 1,2 and = € Xo,

e X is given a family of norms || - ||, on every tangent space® T, X =ges

Tux(ﬁn) (u e x(ﬁn)) such that F(u,u)= | u |, is a continuous mapping
from the tangent bundle TX =40y || T, X with its natural topology” to
ueX

the half-line RT with the induced topology from R.

5If there is no confusion, we shall denote ’LOX =2z € Xp.
6Suppose that two curves vig ¢ (=1,1) — X, passing through the same point

u € x(ﬁn) C X, are given such that both 271 o vy and z7! o vy are differentiable at 0.
Then, v; and v2 are said to be tangent at 0, if 1(0) = v2(0) = u and the ordinary deriva-
tives of z~ 1 oy and =1 o v2 at 0 coincide. This defines an equivalence relation on such
curves. The equivalence classes, denoted by (v), for a curve v, are known as the tangent
vectors of X at u. The tangent space of X at u, denoted by T3, X, is specified as the set

of all tangent vectors. For z € X, define a mapping 0, :I%n xR" — L Tux(lg\n):
uEz(l%n)
L {u} x Tuw(&n) as follows: 0y (t,v) = (z(t), (Vo) g()) for all (t,v) €0, xR™, where
uEz(l%n)
vu(s) = z(t+ws) for all s € (—1,1). Clearly, 0, is a bijection, and a vector space isomorphism
when restricted to each ¢ X R™. For subsequent purposes, we need the ”inverse” of 6, defined

by 07 1 (u, (1)) = (71 (w), %(az‘l ov)(0)) for all (u, (v)u) € || {u}x Tux(ﬁn).

uEa:(ﬁn)
"For a fixed base Bx of the topology on X, a topology on TX is defined by using its
base Brx. Let V € Brx iff V = LI 0:(Wz,Bz). Here, U € Bx, XY = {z €

zEXg,nZO
Xn | Uﬂx(l%ln);é 0}, 0, is a bijection specified in Footnote 6, W, = z~1(U N x(l%\n)) and
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Whenever no confusion is possible we drop subscripts and superscripts on

X = (X,if, 1%, || - || x) and write X = (X, g, 1, ]| - ||) instead, to denote a THDA
X over a set L of actions.
Remark 3. Assume X = (X, ig,1,] - ||) to be a THDA over a set L of actions.
We have I(y 0 6)) = I(y o dj) for all j = 1,2 and y € X5. So, to extend a
labelling function to all z € X, (n > 0) define {(z) = (l1(z),...,l(z)) with
li(z) = l(x06ffl O...5f_’ff 06,7 O...O(Sfl) ifn>1andl(z)=0if n=0.

In order to know how much time cubes of a THDA may take, we introduce
the following definition of paths as being particular curves between two points
in X. A continuous mapping « : [0,1] — X is called a path in a THDA X if
there exist open intervals I, = (7x—1, %) and cubes z; € X, (1 <k <m) such
that 79 = 0, 7,,, = 1 and for every 1 < k < m the following conditions hold: the
mapping v : I — xk(ﬁnk) is non-decreasing, w.r.t. each coordinate in the cube
xk, and the mapping x,:l oy : I —ﬁnk is differentiable for ng > 0. The length

1
of a path v is calculated as follows: length(y) = [||5(s)|,(s)ds®, where #(s) is
0

given by (v(s),9(s)) = bx, (23" (7(5)), g5 (25" 0 7)(s)) for s € Iy (1 < k < m)
(see Footnote 6).

(0,2,3) d_(6,2,3)
X: (0,0,3)
b
C
(4,2,0)
i o b

Figure 7: An example of a THDA X.

Ezample 5. Figure 7 shows a trivial example of a THDA. The THDA X =
(X = x(03) Uz(01) Uae(Dy), i, IX, || - [|x) is generated by the 3-cube
Z‘(tl, to, tg) = (4t1, 2to, 3t3) ((tl, to, tg) € Dg), the 1-cube x (t) = (4 + 2t,2, 3)
(t € O7) and the 1-cube zo(t) = (6 — sin(27t), 2,2 + cos(2nt)) (¢ € O;) which
is depicted by the filled-in cube, the segment and the circle, respectively. The
initial point is i} = (0,0,0). Having a set L = {a, b, ¢, d}, the labelling function
is given by IX (2083 069) = a, IX(x0608Y) =b, IX(x0865080) =c, I¥(x1) =d
and ¥ (z9) = b. The norm || - || x is induced by the Euclidean one in R?. Notice
that geometrically, the interior of the filled-in cube consists of the union of
all paths where occurrences of a, b and ¢ overlap in time. The lengths of the

By is an open ball in R™ such that 1 = z o 62" implies Bz, = priB:z for z1 € Xg_l,
where pry : R — R"~1 is a projection defined by pri(t1,...,tn) = (t1,..., ey, tn) for all

(t17 s 7t7l) € R™.
8The integral is actually the sum of the integrals over intervals I (1 < k < m).

17



Up —— X

Y
Figure 8: A diagram relating a cube x € X, to a cube y € Y,, via a mapping f.

paths travelled along the 1-cube labelled by a (b or ¢) are equal to 4 (2 or 3,
respectively). Then, in the filled-in cube, the lengths of all paths starting with
(0,0,0) and ending with (4,2, 3) vary from V42 + 22 4+ 32 to 4 + 2 + 3.

Consider the definition of a morphism mapping points and actions of the
simulated system to simulating points and actions of the other and satisfying
some requirements. Note, we want morphisms to contract time.

Definition 7. Let X = (X iy, I3, ||| x) and Y = (Y, i, Y+, ||[|y) be THDA.
A mapping f = (f,a) (where f : X — Y is a continuous mapping, o : L* — LY
is a mapping) is called a morphism from X to Y iff the following holds:

L f(ig) =g,
2. for any mapping x € X,, (n € N), there exists a mapping y € Y, such that

a) the diagram in Figure 8 commutes,
b) Iy (y) = a(lfx(2)),
3. ||duf(0)?|| peuy < ||l for all & € T, X and u € X.

The first condition guarantees that a morphism preserves initial points. The
second ensures that a morphism maps an n-cube in X to an n-cube in Y, re-
specting their labellings. The third condition says that the length of each path
in X is not less than the length of its image. If in the third condition we have
ldu f (@)l () = llt][ for all & € T, X and u € X, then f preserves the length of
every path (i.e. f is an isometry).

THDA with morphisms between them form a category THDA< in which
the composition of two morphisms f = (f,a) : X - Y and g=(9,0) : Y —» Z is
gof={(gof, Boa): X — Z, and the identity morphism is a pair of the identity
mappings.

9 A mapping df : TX — TY defined as follows: for u € 2(0,), f(u) € y(8n) and @ € Tu X,
df (u, )(=gef duf(@)) = 0y o0 dly™lofox)o Ggl(u, w), is the differential of f. Here, the
differential (in a usual sense) d(y ' o fox) of y~ 1o fox :I%Jnﬂl%n, equals to the identity

mapping, due to the commutativity of the diagram in Figure 8. This means that df (u,d) =
0y 0 05 (u, 7).
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3.2 Relating HDA and THDA

In his thesis [9], Goubault has proposed adjoint functors 7 : HDA — THDA
and Ft : THDA — HDA between the category HDA and the category
THDA. The objects of THDA are THDA from Definition 6 and the mor-
phisms are mappings from Definition 7 but satisfying only items 1 and 2.

We shall adapt the functors for use in our categories HDA and THDA<.

Proposition 1.

1. Define a mapping T : HDA — THDA < on objects (M, 3%, 1M) as follows:
T((M,aig", 1) = (X5, 55 | - 1x ), where

e X = L] (z,0,)/= with the quotient space topology induced by
x€M, ,n>0
L] (z,0,) with the disjoint sum topology, where every (x,0,,)
z€M,,n>0

inherits the standard topology on R™. Here, the equivalence = 1is
defined by (& (2),0p-1) = (2,6 (Dp1)). Set Xp = {(z,") : Oy —
X |xeM,};

hd 7’())( = (7’3/[’ DO);

o [X(z,)) = 1(z), for all z € My;

o iz = max |ui|*°, for all & = (u1,...,u,) € R" = Tzt (, ﬁn),

t Eﬁn and x € M,,

and on morphisms {g,a) : M — M2 as follows: T ({g,a)) = (g, o), where
g(z,t) = (g(x),t) for all points (x,t) of T(M'). Then, T is a functor
called a geometric realization functor.

2. Define a mapping Ft : THDA< — HDA on objects (X, iy, 1%, | - ||x) as
follows: FH((X, 5051 1)) = (M, 8, 1), where

o M, =X, withd™(z) =x0d6" forallz € X,, andn > 1;

o i)l =z, where 79(0) = i¥;

b l%/[:l)L(f

and on morphisms (f, a) : X! — X2 as follows: Ft((f,a)) = (f,a), where
f(x) = fouwx, for all cube x of Ft(X'). Then, Ft is a functor called a
forgetting functor.

Proof. Since the morphisms in THDA ¢ differ from the morphisms in THDA
by the presence of item 3 in Definition 7, it is sufficient to show that (g, ) =
7 ({g,a)) ({g, ) is a morphism in HDA) satisfies item 3 of Definition 7. But it
is obvious because inequality ||d,,(2)llg((z.6)) < Il 2+ turns into equality as
the vectors are the same and the both norms are Chebyshev. O

10This norm is called Chebyshev norm.
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In contrast to [9], it has turned out that the functors 7 and Ft between
the categories HDA and THDA < are not adjoint. Nevertheless, we shall show
that timed versions of Theorems 1 and 2 hold. For this purpose, we need the
following auxiliary notion and facts.

Let X be a topological space satisfying the first item of Definition 6. Then,
X is called a O-topological space if the topology on X coincides with a topology
defined as follows: U is open in X iff 271 (U) is open in O,!! for all z € X,, and
n > 0.

Lemma 5. Let X and Y be topological spaces satisfying the first item of Def-
inition 6 and f : X — 'Y be a mapping meeting item 2a) of Definition 7. If X
18 a O-topological space, then f : X — Y is a continuous mapping. Moreover,
df : TX — TY is a continuous mapping as well.

Proof. First, we shall prove that f: X — Y is a continuous mapping. Take an
arbitrary open set V in Y. We have to show that f=!(V) is open in X. A set
y~1(V) is open in O,, for all y € Y,, (n > 0), because any y : O, — Y is a
continuous mapping. In particular, x=! o f~1(V) is open in O,, for all z € X,
(n > 0). Due to X being a O-topological space, f~1(V) is open in X.

Next, we shall show that df : TX — TY is a continuous mapping. Fix bases
Bx and By of the topologies on X and Y, respectively. Take an arbitrary set
V from the base Bry of the topology on TY ie. V = L] 0, (Wy, By)

yeY,y ,n>0
with V € By, W, = y=1{(V N y(8,)) and B, is an open ball in R™ such that
y1 = y o 6y implies By, = pryBy (see Footnote 7). We need to prove that
(df)~1(V) is an open set in TX. We have

)Y (V) = [l ()" N0, (W,,B,)) =

yeY,y n>0

n

yey,y . n>0 (mé{my—fom}

L ( L GI(Wy,By))
yeY,Y n>0 \z€{x|y=fox}

Since f: X — Y is a continuous mapping and V € By,

i) = f‘1< L y(Wy)>= L i eWy) =

yeYY ,n>0 yeYY ,n>0

L < U w(Wy)>:U

yev,Y .n>0 \we{aly=Ffoz}

is an open set in X. By the definition of a base of a topology, we get U = U, U,,
where U, € Bx. As U, C X, it holds that

Ua - |_| xa(Ga:a)y

o €XY* >0

HThe topology on O, C R™ is induced by the Euclidean space R™.
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where G, is an open set in £,,. So, (df)~1(V) = UaU, with

[7(1 - |_| 037“ (GmaaB(foa:a)) S BTX-
m“EXfl]‘l,nZO
Thus, (df)~1(V) is an open set in T'X. O
Lemma 6. Let M = (M,i}",I})) and Y = (Y,iy,llv, | - |lv) be objects in

HDA and THDAc, respectively, and £ = (f,a) : M — Ft(Y) be a mor-
phism in HDA. Then, a structure Ty y (M) = X = (X, i, I3, || - || x) with X, if
and I3 specified as in Proposition 1 and || - || x defined as follows: | - ||z =
@y f Ol jopy with f((x,1)) = f(2)(t) for all (x,t) € X, is an object and
Try(f) = (f, a): Try(M) — Y is a morphism in THDA<.

Proof. By Proposition 1, X satisfies all the conditions, except for the last one, of
Definition 6. Let us prove that X is a O-topological space. Consider a mapping
(z,-) : 4, — X. Clearly, it coincides with the composition ¢ o ¢, o o,, where
0y : O, — (x,0,) is the identical map, ¢, : (z,0,) — L] (z,0,) is the

zeM,,n>0
inclusion map, and ¢ : || (z,0,) — X is the quotient map. By the def-
xz€M,, ,n>0
inition of the topologies, U is open in X iff ~1(U) is open in Ll (z,0p)
rEMp,n>0

iff 171 (¢=1(U)) is open in (z,0,) for all z € M,, (n > 0) iff o, (t;1(¢71(V)))
is open in O, for all x € M,, (n > 0), i.e. (x,-)"1(U) is open in O, for all (z,)
€ X,, (n > 0). Hence, X is a O-topological space. By the definition of f, condi-
tion 2a) of Definition 7 holds as well. By Lemma 5, f is a continuous mapping.
Clearly, the mapping ( f, a) : X — Y meets conditions 1,2b) and 3 of Definition
7. Despite this fact, we can not regard it as a morphism in THDA < unless we
prove that X is a THDA. It remains to show that the norm || - ||x is continuous
on TX. Due to the construction of X, we have || - || x = | - ||y o df. By Lemma
5, df is a continuous mapping. Using the continuity of || - ||y, the norm || - || x is
also a continuous mapping, as it is the composition of the continuous mappings.
Thus, X is an object and (f,a) : X — Y is a morphism in THDA<. O

Lemma 7. Let M be an object in HDA, and f: M — Ft(Y) be a morphism
in HDA. Then

1. M =gpa, Ft(Tsy(M)), i.e. there exists a morphism @¢ : M — Ft(Tz v(M))
and a morphism s : Ft(Tz v(M)) — M in HDA [, such that r o pr = idm
and pr 0 PYr = idry(1; v (M)

2. f=Ft(Tyy(f)) o .

Proof. Assume that M is an object in HDA and f = (f,a) : M — Ft(Y) is
a morphism in HDA. Consider the proof of item 1. Define mappings ¢f =
<<Pf;1L> M — ft(’]hy(M)) and ¢f = <¢f;1L> ) ft(’]hy(M)) — M by
of(x) = (z,-), for all @ € M, and ¢¢(x,-) = «, for all cube (z,-) from
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Ft(Te v(M)), respectively. Clearly, these mappings are mutually inverse mor-
phisms in HDA . Next, contemplate the proof of item 2. Due to Proposition

1 and Lemma 6, Ft(T;y (f)) = (f, @) : Ft(Tr.y(M)) — Ft(Y) is a morphism in

HDA. Tt is sufficient to show that f = fop;. We have f(z) = f(z,-) = foapf(a:)
for all z € M. Hence, f = Ft(T;,y (f)) o ¢r. O

3.3 Timed hereditary history preserving bisimulation

The functor Ft allows one to forget that the cubes in Ft(X) are continuous
mappings in X and to consider the cubes as a discrete set. Then, the definitions
of a cubical path, an acyclic cubical path, an extension of cubical paths, s-
and (s, u,v)—adjacency, homotopy for (discrete) HDA can be easily adapted for
(continuous) THDA using p o 67" instead of d*(p). If P is a cubical path in
a THDA X, we shall use Pr; to denote the corresponding cubical path in the
HDA Fit(X). Further, CP(X) (CP.(X)) is the set of all cubical paths (ending
with a cube z) in X. A point v in a THDA X is called reachable if there exists

some P € CP,(X) and u € a:(lin), where z € X,,. Analogously to HDA, for a
cubical path P = pg...pr in a THDA X = (X, 40,1z,]| - ||x), we can define the

structure X" = (X',40, 05, || - || x+), where
o X' = L] x(ﬁn) C X with the subset topology. Here, (X'), =
z€(X')n,n>0

IN

{piodito 0 |a; =0,1,1 <j<1,1<i <--- <ip <dimp;,1
I <dimp;, 1 <i <k}U{p;|0<i <Kk},

o ZE) - 7;07
o 17 =1Ir|x,,
e || - ||x is induced by || - || x using the inclusion X’ C X.

It is easy to verify that X’ is a THDA, and, moreover, a sub-THDA of X. In
this case, X’ is said to have the form of the cubical path P in the THDA X.

We next establish that the morphisms in THDA < represent some notions
of simulation of the behaviour of one system by the other.

Lemma 8. Given a morphism f = (f,a) : X — Y in THDAC, for all P =

661 €k

Po —5 ... =5 pp € CP(X) it holds:

€1 k
: 5

1. there exists a unique f(P) = (fopg) —= ... —= (f op) € CP(Y);

2. whenever P 2 P in X, then f(P) &, f(P)inY;

(5,u,v)

(s,u,v)

3. whenever P22 P in X, then f(P) <5 f(P') in Y;

o]

4' Hdu,f(u)Hf(u) S Hu”u fOT all ’U, S T’upj(ﬁdimpj)? u € pj(Ddimpj); .7 =
1...k.
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Proof. Obvious. O

Further, we extend the notion of hhp-bisimulation to THDA as follows.

Definition 8. Let X and Y be THDA.
Cubical paths P =pg...p; in X and Q = qg...qx in Y are called d-related

iff for all 1 < j <k it holds: ||dep; (£)]lp, 1) = lldeqj (E)llg; 1y for all € Ty Ogimm

and t Eﬁdimpj.

A binary relation R on cubical paths in X and Y is called a timed hhp-
bisimulation between X and Y iff Rz = {(Pr, Q7)) | (P,Q) € R} is an
hhp-bisimulation between Ft(X) and Ft(Y), and for any (P,Q) € R, P and Q
are d-related.

THDA X and Y are timed hhp-bisimilar if there exists a timed hhp-bisimula-
tion between them which relates their initial points (regarded as cubical paths).

Clearly, timed hhp-bisimulation is indeed an equivalence relation.

Example 6. Consider Figure 4. At the left side, we can see a graphical rep-
resentation of the THDA X = (X = x1(02) U 22(02) U ps(01) U pe(01) U
p7(01) Ups(D1), s, Ix, || - Ix). The space X is generated by the 2-cubes:
3?1(751,752) = (—tl,tg), Qfg(tl,tg) = (tl,tg) ((tl,tg) S \:\2) and the 1-cubes:
ps(t) = (=1,1+1), pr(t) = (=1 —1,2), ps(t) = (1,1 +¢) and ps(t) = (1 +¢,2)
(t € O;), and has the subspace topology induced by R2?. The initial point is
s = (0,0). We assume L*X = {a,b,c} and the labelling function Z>L(X is given by
I7x(21007) = PL(X (p1) = a, PL(X (z1003) = PL(X (ps) = b, PL(X (z2007) = PL(X (p2) = a,
< (ps) = Fx(ps) = 1¥x(p7) = I3x(ps) = ¢. The norm || - || x is induced by the
Euclidean one in R?. Next, at the right side, we can see a graphical representa-
tion of the THDA Y = (Y = y(02) Ugs(01) Uqa(D1) Ugs(T1) Uge(D1), 7, Iy,
IIlly). The space Y is generated by the 2-cube y(t1,t2) = (t1, At2) ((t1,2) € Oa)
and the 1-cubes: ¢3(t) = (L,A+1¢), qa(t) = (1 +¢, 1+ N), ¢5(t) = (1 +¢, ) and
g6(t) = (2,2 +1t) (t € Oy) for some A such that 1 < A < 2, and has the
subspace topology induced by R2?. The initial point is r = (0,0). We assume
LY = {a,b, c}. The labelling function lzy is given by lzy (yod?) = lzy (1) = a,
pL(Y (y05§) = le (q2) =0, le (g3) = le (qa) = le (g5) = le (g6) = c. The norm
| - ||y is induced by the Euclidean one in R?. It is easy to see that the THDA
X and Y are timed hhp-bisimilar, if A = 1 (take a timed hhp-bisimulation R
as specified in example 4). In the other cases, X and Y are not timed hhp-
bisimilar because the cubical path P = sp in X could be related only to the
cubical path @ = rq in Y but P and @ are not d-related cubical paths as long
as dip (D) lpcey = Nille 7 Al = dea(D)lgqe) with 1 < A < 2.

3.4 Open Maps Characterization

In this subsection, we show that timed hhp-bisimulation can be characterized
by using the open maps based framework.

To deal with open maps we need to choose an observation subcategory of
the category THDA<. For a THDA X, an observation is a THDA Xp having
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p T
Mp —— Ft(X) T},,X(Mp)&(p} X

g i
m ft(f) TLqum:T(LY(MQ)(MP) //I' f
V4
M omnowtond
— F(Y M Y
- (Y) YT L (q)

Figure 9: Diagrams for the morphism Ft(f) in HDA |, and for the morphism f
in THDAS’L.

the form of an acyclic cubical path P in the THDA X, and a O-topological
space Xp. We use TcP< to denote the full subcategory of observations of the
category THDA <.

Consider the auxiliary facts.

Lemma 9. Let Mp be an object in cPr and f = (f,a) : Mp — Ft(Y) be a
morphism in HDA . Then T; v(Mp) is an object in TcP< 1.

Proof. Let Mp have the form of a cubical path P = pg...pr in an HDA M.
Then, Mp has the form of the cubical path P in Mp. Using Lemma 6, 7t v (Mp)
is a THDA over L. Clearly, 7¢y(Mp) has the form of the acyclic cubical path
P = (po,)...(pr,-) in Tt v(Mp). In the proof of Lemma 6 it has been shown
that the topological space of 7¢ v (Mp) is a O-topological space. Thus, Z¢ v (Mp)
is an object in TcP< y.. (|

Lemma 10. Let Xp be an object in TcP< 1, then Ft(Xp) is an object in cPp.
Proof. Obvious. O

Having the category THDA < 7, and the accompanying subcategory TcP< 1,
we can reason about TcP< r-open morphisms and TcP< r-bisimulation be-
tween objects in the category THDA < ;. We shall demonstrate that the func-
tor Ft preserves open morphisms.

Proposition 2. Given o TcP< 1 -open morphism {: X — Y, a morphism Ft(f)
is cPr-open.

Proof. Suppose that the diagram shown on the left side of Figure 9 commutes.
Here, m = (m,11) : Mp — Mg is a morphism in cPy and p = (p,11) : Mp —
Ft(X), g = {q,11) : Mq — Ft(Y) are morphisms in HDA . Due to Lemma
6, we can construct the diagram shown on the right side of Figure 9 with the
morphisms 7, x(p) = (P, 11), Tq,v(a) = (¢, 1) and 7y, om,7, v(Mq) (g 0 m) =
(¢gom,1r) in THDA 1, where g : Mg — Ft(7,y(Mgq)) is a morphism in
HDA}, from Lemma 7. Here, g = (g,11) : T, x(Mp) — Ty om, 7, v (Mq) (Mp)

is defined as follows: g(z,t) = (z,t), for all z € (Mp), and t €0, (n > 0).
We shall show that the diagram commutes. We have f(p(z,t)) = f(p(x)(t)) =
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Fp@)(®) = atm()() = dm(@).) = i((m(@).) (1) = il (m@)1) =
G(pq om(z,t)) = §(pq o m(g(z,t))), for all point (x,t) in T, x(Mp). In order to
use TcP< j-openness of the morphism f, we have first to prove that g is a mor-
phism in THDA< ;. Clearly, it is sufficient to show that |\d(m7t)g(-)|\3((m ) <
Il - H%I’t), where || - ||! and || - ||* are the norms of the THDA 7, x(Mp) and
Tcpqom’%Y(MQ)(Mp), respectively. Due to the definition of the norms of2 the
THDA %qom,Tq,y(MQ)(MP)v ZI,Y(MQ) and ,];)7X(MP)5 we have ||d(a:,t)g()Hg(T,t)

= ||d(m,t)(® ° 9)(')”@@@,})) = [ld(2,1)(q Olm o 9)(')”@(@(9@5@)) =
ldez,ey(f o)) fpea,t)) < Nld@yD()llpy = II- II(M), because the diagram com-

mutes and f is a morphism in THDA < ;. By Lemma 9, 7, x(Mp) and 7,y (Mq)
are objects in TcP< . Since f is a TcP< r-open morphism, there exists a mor-
phism r : 7y v(Mq) — X such that 7, x(p) = 10T, om 7, y(Mq)(¢q ©m) 0 g and
74,v(q) = for. Then, by virtue of Proposition 1 and Lemma 7, there exists
a morphism Ft(r) o ¢4 : Mg — Ft(Zq,y(Mq)) — Ft(X) in HDA[, such that
p = Ft(T,x(p)) o pp = Ft(r) o Ft(Ty om 1, v(Mq)(Pq © M) 0 Ft(g) o ¢ =
Ft(r) o ]-'t(’]:pqoquyy(MQ)(gpq om)) © Py om = Ft(r) o ¢4 om, because Ft(g) :
Ft(Tpx(Mp)) — Ft(T, 0m,7, v(Mq)(Mp) is the identical morphism in HDA .
Analogously, we get q = Ft(f) o Ft(r) o pq. O

Further, we provide a behavioural criterion of TcP< r-open morphisms
which is crucial to formulate an open maps based characterization of timed
hhp-bisimulation.

Theorem 3. A morphism f = (f,11) : X =Y in THDA< ;, is TcP< 1-open
iff for all P € CP(X) the following holds:

! i

L f(P) 25 Q" in Y, then P 2 P' and f(P') = Q' for some P' € CP(X),

2. if f(P) Y Q in Y, then P EY P! and f(P') = Q' for some P’ €
CP(X),

3. dyf is an isometry for all reachable points u € X.

Proof. (=) Assume f = (f,11) : X — Y to be a TcP< ;-open morphism.
Consider the morphism Ft(f) = (f,11) : Ft(X) — Ft(Y) in HDA . Due to
Proposition 2, Ft(f) is a ¢cPr-open morphism. Then, by Theorem 1, items 1
and 2 hold. It remains to prove item 3.

Notice, for any reachable point u € X, we get u = r(v), for some point v in
74, v(Mq) and some morphism r = (r,11) : 74,y (Mq) — X from the diagram
shown on the right side of Figure 9. Then, for every u € T, X there exists
v € T, Xg (Xg is a topological space of 7 v (Mq)) such that & = d,r(v). Hence,
it holds that [lal, = Hdvr('[})nr(v) > Hdr(v)f(dvr(@))Hf(r(v)) = Hdej(@)Hr}(v) =

0]]o > |ldor(0)|lr(v) = ||t]|w. Therefore, d, f is an isometry.
(<) Suppose that f = (f,17) : X — Y is a morphism in THDA< ;. Also,
assume that m = (m,1z) : Xp — Xq is a morphism in TcP< ; and p =

(p, 1) : Xp — X, q=(gq,11) : Xq — Y are morphisms in THDA < ;, such that
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qom = fop. Then, using Proposition 1, we obtain the following commuting
diagram in HDA

}"t(Xp)]i(p) Ft(X)

]—'t(m)l l}'t(f)

X —_—
Ft( Q)]:t(q) Ft(Y)
Moreover, due to Lemma 10, Ft(Xp) and Ft(Xq) are objects in cPy,, and hence,
Ft(m) is a morphism in cPy. Since Ft(f) meets the conditions of Theorem 1,
we can find a morphism ' = (', 11) : Ft(Xq) — Ft(X) in HDA [ such that
Ft(p) =t/ o Ft(m) and Ft(q) = Ft(f) or’. Define a mapping r : Xo — X as
follows: r(z(t)) = r'(z)(¢), for all x € (Xg), and ¢t € O,, (n > 0). Clearly, r is a
well-defined mapping. Since X, is a O-topological space and r satisfies condition
2a) of Definition 7, r is a continuous mapping, by Lemma 5. Moreover, we have
p(z(t)) = p(x)(t) = r'(m(z))(t) = r(m(x)(t)) = r(m(x(t))) for all z(t) € Xp,
i.e. p =rom. Similarly, we get ¢ = f or. Then, due to item 3, it holds that
1ur (@l = Iy F@r (@Dl rey) = dua(@)llgy < 0], for all v € Xg
and v € T, Xq. Thus, it is obvious that r = (r, 1) is a morphism in THDA< 1,
satisfying the following equations: p =rom and q = f or. This means that f is
a TcP< r-open morphism in THDA< . O

Finally, the coincidence of TcP < r-bisimulation and timed hhp-bisimulation
is established.

Theorem 4. Two timed HDA (with the same set L of actions) are TcP< r-
bisimilar iff they are thhp-bisimilar.
Proof. (=) Suppose a span X X7 My oof TcP< r-open morphisms fxy =
(fx,1z) and fy = (fy,1r) in THDA< ;. We shall prove that X and Y are
thhp-bisimilar. Construct a relation R = {(fx(P), fy(P)) | P € CP(Z)}.
Take an arbitrary P = pg...px € CP(Z). Since fx and fy are TcP< -
open morphisms, the cubical paths fx(P) and fy(P) are d-related, or, in de-
tail, |[dp, &) fx (depi () ey = Ndepi)llp,ey = lp, ) fy (depi ()] 5y 1))
as each point p;(t) € pi(ﬁdimpi) is reachable for all ¢ Eﬁdimm and 0 < i < k.
On the other hand, due to Proposition 2, morphisms Ft(fy) = (fx, 1) and
Ft(fy) = (fy,11) are cPr-open. From the reasonings in the proof of Theo-
rem 2, it follows that the relation R = {(fx(Q), fy(Q)) | Q € CP(Ft(2))} is
hhp-bisimulation between Ft(X) and Ft(Y). It is easy to see that R = Rz.
Clearly, (if,iY) € R. Thus, X and Y are thhp-bisimular.

(<) Assume R to be a thhp-bisimulation between THDA X and Y (with

the same set L of actions). We have to construct a span X X7 Ny oof
TcP< r-open morphisms fx = (fx, 1) and fy = (fy, 1) in THDAC .
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By Definition 8, Rz is an hhp-bisimulation between Ft(X) and Ft(Y).
Due to the reasonings in the proof of Theorem 2, we can find a span Ft(X) &
(Ft(X), Ft(Y)) 22 Ft(Y) of cPr-open morphisms pr; = (pry,15) and pry =
(pro,1r) in HDA . The mappings Tor, x(pr1) @ Zpr, x ((Ft(X), Ft(Y))) — X
and Zpr, v (pra) : Tpr,, v ((FE(X), Ft(Y))) — Y are morphisms in THDA< ; by
Lemma 6. To construct the required span we need to show that

Tory x((FHX), FUY))) = Tor, v (FEUX), FE(Y)))-

It is sufficient to prove the coincidence of the norms ||-[|* and |- ||* of the THDA
Tor, x ((Ft(X), Ft(Y))) and Ty, v ((Ft(X), Ft(Y))), respectively. Let Z be the
common topological space of Ty, x ((Ft(X), Ft(Y))) and Tpy, v ((Ft(X), Ft(Y))).
Then, for allw = ((Prt, Qrt), t) € Z with P € CPp, (X), Q € CPq, (Y), (P, Q) €

R, t Eﬁna and € TwZ, we have ||tH11u = Hdwﬁrl(i)HpArl(w) = ”dtpk(t.)Hpk(t) =

g (Bl g () = NldwBr2(E) 57, ) = 1113

It remains to show that the morphism 7py, x(pri) is TcP< r-open, due
to Theorem 3 (the proof of TcP< r-openness of the morphism 7y, v(pra) is
similar). By Lemma 7, we have Ft(Zpy, x(pr1)) = pri o ¥pr,. Clearly, ¢pr,
is a cPr-open morphism. Since the composition of ¢P-open morphisms in
HDA is a cPp-open morphism in HDAj, Ft(7p, x(pr1)) is a cPr-open
morphism in HDA ;. Hence, using Theorem 1 for Ft(7p,, x(pr1)), items 1 and
2 of Theorem 3 hold for 7, x(pri). Due to the definition of the norm on
Tor, x ((FH(X), Ft(Y))), item 3 of Theorem 3 holds as well. O

4 Conclusion

The paper focuses on open maps characterizations of hhp-bisimulation on HDA
and timed hhp-bisimulation on THDA. We remark that the equivalences have
been attacked using homotopy techniques, following the papers [7, 23]. In par-
ticular, guided by our intuitive understanding of what it means for a higher
dimensional automata model to be simulated by another one, we have defined
categories of HDA and THDA and accompanying (sub)categories of observa-
tions, to which the corresponding notions of open maps have been developed.
We have used the open maps framework [15] to obtain abstract bisimulations
which have been established to coincide with the mentioned above bisimula-
tions on HDA and THDA. The open maps based bisimilarity makes possible a
uniform definition of bisimulation over different models presented as categories
and allows one to apply general results from the categorical setting (e.g. the
existence of canonical models and characteristic games and logics) to concrete
behavioural equivalences. Notice, all the results of the paper are valid for the
category THDA,,, where x € {-, <, =}12.

As a matter of future work, it would be interesting to extend the results
obtained in the paper [5] to weak variant of bisimulation on HDA and THDA,

I2THDA and morphisms from Definition 7, whose first component is an isometry, constitute
a category THDA_.
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combining open maps and presheaf approaches. Also, we plan some investigation
on coalgebraic characterizations [22] of bisimulation in the setting of HDA and
THDA.
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